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Vibration of a Bimodulus Thick Plate According to a
Higher-Order Shear Deformation Theory

Ji-Liang Doong* and Chin-Ping Fungt
National Central University, Taiwan, Republic of China

Egquations of motion of a simply supported rectangular bimodulus thick plate in which the higher-order shear
deformation terms are included are derived. The governing equations obtained using the average stress method
are solved in exact form. The natural frequencies are compared with the previous results obtained for ordinary
thick plates, and with the neutral surface locations and natural freq ies of bimodular plates. From those
comparisons, the effects of higher-order shear deformation terms on the neutral surface locations and the
natural frequencies can be observed. Also, the percentage error sense improvement by higher-order deformation

terms can be reduced from 1.4 to 0.09%.

Nomenclature

a, b = dimensions of plate in x, y directions

Ay, By, Dy,

Eij’ Fij’ Gu’

Hy = laminate stiffness

C; = components of the anisotropic stiffness
matrix

E!, E° = tensile and compressive Young’s
moduli, respectively '

G, G* = tensile and compressive shear moduli,
respectively

h = plate thickness

I, L, I, I = inertia coefficients of plate

= nondimensional buckling coefficient,

Nob*/(7*Dsy)

Nxx’ Mxx’ Mxtc’

XX 3 P xtn Rx,\*!

R} = initial stress resultants

S = ratio of bending stress to norinal stress,
om/am

Uy, Uy, W = displacement of plate (z =0) in x, ¥y, 2
directions

K = thickness-shear correction factor

v, = tensile and compressive Poisson’s ratios,
respectively

E_ X E y E zs

by Oy = higher-order shear deformation term

e = density

Gy15 Opys Op = initial, bending, and normal stress, re-

_ spectively

P; = applied surface traction

Voo ¥ys ¥ = rotations of plate in x, y, z directions

Q = nondimensional natural frequency, wb?/
(p/Eph?)”

@ = neutral frequency

Introduction

T is known that some composite materials behave differ-

ently in simple tension and compression.! In addition to
composite materials, the tensile response of some polycrys-
talline graphites and high polymers also behave differently in
tension and compression.? This characteristic behavior is
actually curvilinear and is often approximated by two straight
lines with a slope discontinuity at the origin. Thus, these
materials are called bimodulus materials (see Fig. 1).
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The bending and buckling of bimodulus-material plates
have been the subject of a few studies.’ The limited number
of previous bimodulus-material-plate analyses are reviewed in
Refs. 7-11; all were limited to static analyses. Bert et al.'® and
Bert and Kumar!4 are believed to be the first to study the
vibration problem of thick bimodulus composite plates and
shells. Doong and Chen' also studied the vibration problem
of bimodulus plates in which the nonuniform initial stress is
included.

Exact solutions for composite material structures have
become available!®!” and indicate that Mindlin-type theories
(with five kinematic variables) do not adequately model the
behavior of highly orthotropic’ composite structures. For
improving the accuracy of Mindlin-type plate theories and
keeping the advantages of two-dimensional problems, suitable
higher-order plate theory is necessary. There are many
theories of higher order!®-2! than that of the classical level that
have been developed for use with composite plates. Probably
the highest-order theory with 11 kinematic variables developed
is by Lo et al.?® A critical evaluation of new plate theories by
Bert?! indicated that the theory of Lo et al.?® accurately
predicted the nonlinear bending stress distribution.

In the present study, the previous work of Ref. 15 is
extended to a higher-order bimodulus plate theory. The natu-
ral frequencies of a simply supported rectangular plate in a
state of initial stress are presented. The natural frequencies
obtained without initial stress for ordinary (not bimodulus)
materials are compared with the exact solutions.!” Also, the
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Fig. 1 Stress-strain relation of linearized different modulus material.
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neutral surface locations and natural frequencies of bimod-
ulus plates are solved to compare with the results previously
obtained by Doong and Chen!’ who studied the same problem
by using Mindlin plate theory. The influences of various
parameters on the vibration problems are investigated,

Formulation

For bimodulus materials, the different properties in tension
and compression cause a shift in the neutral surface away
from the geometric midplane, and symmetry about the
midplane no longer holds. The result of this is that bending-
stretching couplings of an orthotropic type are exhibited, i.e.,
analogous to a two-layer crossply plate (one layer at 0 deg and
the other at 90 deg) of ordinary orthotropic material. The
governing equations of composite materials could be used for
bimodulus materials, except that the stress-strain relation
must be of the bimodular form as shown in Appendix C.
Doong?? deérived the governing equations based on a higher-
order theory for a homogeneous plate in a general state of
nonuniform initial stress. In previous work, the displacement
field is chosen in a manner similar to that of Lo et al.?® for
homogeneous plates. We extend this class of theory to
composite plates by using the average stress method outlined
in Ref. 12.

We consider a simply supported rectangular bimodulus
plate in a state of initial stress. The state of initial stress is

gy =0, +220,,,/h 0y

where o, and o, are taken to be constants and all other initial
stresses are assumed to be zero. It is comprised of a tensile
(compressive) plus a bending stress. The only nonzero stress
and moment resultants are

N, = oy, dz = ho,, M,, =0,z da = h’q,/6
M., =0zt dz = hic,/12
P, = l0,,2% dz = h*0,,/40, Pr =i0,z* dz = h%, /80
R, =l0,,2% dz = h%a,,/224, R} =l0,,2% dz = h70,/448

2

where all the integrals are through the thickness of the plate
from — A/2 to h/2. Lateral loads and body forces are taken
to be zero. For a crossply composite plate, the laminate
stiffnesses consist of Cy4, Cyg Cj4; Cys will be equal to zero
(where C; are the stiffness coefficients of Stress-strain
relations). The governing equations and boundary conditions
can be reduced from the previously derived governing
equation.?® They are as follows:

Qe+ Qyy + Ry =L, + LE, 3)
Q.+ 0s, + Ry, = Lit, + L, 4
Qi +0s, + R30,x =Iw + I, )
Qx t Q7 Qs+ Ry = L, + 1o, 6)
Oy +Qg, — Qs+ Ryg, = 13% + Isqu N
Qe + Quoy = Qu + Ry = L, @®
Quu + Qusy — 205 + Ry, = il + Ik, &)
Quix + Oy — 200+ Ry, = Lil, + Iiéy (10)
Qisx + Qusy — 2017 + Ry, = I + IE, (11)
Oisx + Oy — 305+ Ry, = Iy, + Lo, (12)

Quox + Oy — 3016+ Ry = 15% + I7d;y (13
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where the defining equations for Q;-Q,, and R,-R+, are given
in Appendix A. The first-order theory results based on
Mindlin plate theory can be obtained by assuming ¢,, ¢,, ¥,
£,, £, £, = 0 and introducing the shear correction «*( = 5/6)
into A4 and As;.

The boundary conditions are, for the simply supported
plate, on the x = const edges

u, =0, ¢,=0, £,=0, ¢,=0, w=0, ¢,=0

£.=0, Fo+AF,=0Q +R, My +AM,=0Qc+R,

M+ AM% = O+ Ry, Po+ AP =Qu+ R, (14)
and on the y = const edges

u, =0, ¥, =0, §=0, ¢,=0

w=0, ¢,=0, £ =0

F,, + AF,, = 0;, M,, +AM,, = Qs

My§ +AM), = Oy, ﬁyy + AP, = O (15)
where

(Fi» My, M2, Py = [P(1, 2, 2%, 20 dz (i =x,)
(AF;, AM,;, AM};, AP;) = [AP(1, z, 2%, 2%) dz

((=x,5)

and P;is the applied surface traction used in Ref. 23.

The governing equations and the boundary conditions are
exactly satisfied in closed form by the following set of
functions: :

Ues Yes Exs O = LENAU s ¥oomn Esmn /1), (Bomn/ 1))
X cos(mwx/a) sin(nwy/b)-e™, !
tys Yys Eys by = ZERV s Yoy Gyma/ 1)y By /1))
X sin(mwx/a) cos(nwy/b)-e“mn’
W, Vo, £2 = LEIAW s Yomns Comn/ 1))
x sin(mwx/a) sin(nwy/b)e“mn’ (16)

Substituting Eq. (16) into the governing equations (3-13) leads
to the following 11 X 11 symmetric matrix:

(IC] = NGDia} = (0} (17)
where

{A} = {Umn, Vs Won» ¥ ¥ ¥

xmn mn? zmn §xmn s
y

T
g‘ymn’ g‘zmn’ <I>xmrr’ q’ymn}

The elements of the symmetric coefficient matrices [C] and
[G] are given in Appendix B.

The in-plane compressive stress is contained in the buckling
coefficient K. The in-plane bending stress is contained in the
ratio of bending stress to normal stress S. Since the equations
are homogeneous, the determinant of the coefficient matrix
must vanish. This, in turn, leads to the eigenvalue problem for
the determination of the natural frequencies.

To determine the position of the neutral surface, one sets
the strain in the X direction, ¢,, equal to zero

€ = Uy + z\l’x,x + Zzgx‘x + Z3¢x,x =0
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Table 1 Comparison of nondimensional natural frequency coefficient of ordinary plates between
present solutions and exact solutions
Q=wh/jp/G,a/b=1,b/h=10,v=03,K=0,5 =0)

Exact Present first- Percentage Present higher- Percentage

m n solution Ref. (17) ~ order solution error order solution error
11 0.0932 - 0.0930 0.20 0.0932° 0.00

1 2 0.2226 0.2218 0.36 0.2226 0.00

1 3 0.4171 0.4144 0.64 0.4172 0.02

1 4 0.6508 0.6573

1 S 0.9268 - 0.9152 1.25 .0.9275 0.07
22 0.3421 0.3402 0.55 0.342} 0.00
23 0.5239 0.5197 0.80 0.5240 0.02
2 4 0.7511 0.7431 1.00 0.7515 0.05
2 5 0.9959 1.0102

3 3 0.6889 0.6821 1.00 0.6892 0.04

3 4 ’ 0.8949 0.8992

3.5 1.1237 1.1416

4 4 1.0889 1.0735 1.40 1.0899 0.09
4 5 1.2908 1.3137

s 5 1.4890 1.5185

Table2 Values of fundamental frequency coefficient with the various values of

EVE (a/b=1,b/h =10, K =0, Q= wb?/(pE:RD", Z,

= (za/h)

Nondimensional natural frequency

Neutral surface location Z,

First-order

Higher-order

First-order

Higher-order

E'/E¢ solution solution solution solution
0.2 3.4387 3.4244 —0.1978 —0.2008
0.4 4.3250 4.3237 —-0,1184 —0.1203
0.6 4.8863 4.8896 - 0.0678 — 0.0689
0.8 5.3016 5.3068 —0.0302 —0.0307
1.0 5.6337 5.6397 0.0 0.0
1.2 5.9126 5.9200 0.0255 0.0259
1.4 6.1553 6.1658 0.0478 0.0487
1.6 6.3724 6.3895 0.0678 0.0691
1.8 6.5709 6.6013 0.0862 0.0879
2.0 6.7557 6.8133 0.1034 0.1054

Table3 Values of fundamental frequency @ for various
values of buckling coefficient
K(EVE°=0.2,85=0,a/b=1,b/h=10)

577

First-order solution Higher-order solution

K (Zp = —0.1978) (Zn = = 0.2008)
-23 - 0.8439 0.1634(0.7980)2
-22 1.0933 0.7317(1.0578)
—21 1.2956 1.0218(1.2653)
-2.0 1:4702 1.2461(1.4434)
-1.9 1.6263 1.4358(1.6017)
-1.8 1.7686 1.6032(1.7457)
-1.7 1.9003 1.7546(1.8788)
—~1.6 1.0234 1.8941(2.0030)
~1.5 2.1395 2.0239(2.1199)
-1.0 2.6445 2.5767(2.6277)
05 3.0674 3.0303(3.0521)
0.0 3.4387 3.4244(3.4244)
0.5 3.7737 3.7775(3.7599)
1.0 4.0812 4.1004(4.0679)
15 4.3672 4.3996(4.3542)
2.0 4.6355 4.6797(4.6227)

aD,, is chosen as the same value as in first-order plate theory.

or
— (@26 h + 728, /2 + KUY/, 18)
The nondimensional neutral surface location Z, is defined as
Z,=z,/h= — (2} + Z)®, + U)/Y, 19

An iterative procedure is used to obtain the final displacement
ratio and corresponding natural frequency.

Results and Discussions

There are so many parameters that can be varied that it
would be difficult to present results for all cases. Only a few
typical cases will be selected for discussion. For verifying the
accuracy of present higher-order theory, the comparison
between exact solution'” and present solutions of an ordinary
plate is the first to be considered and is shown in Table 1.
From Table 1, it can be concluded that the present higher-or-
der theory results coincide with exact solutions very well, and
the accuracy of present higher-order theory results is better
than present first-order theory results.

Nondimensional coefficients have been used to obtain the
results shown in Figs. 2-6 and Tables 1-5. In the computa-
tions, E¢= 1.0, »*= 0.2, E/E¢= 0.2 t0 2.0, and »! is given by
the relation

vt = vE'/E¢

The shear moduli G and G' in the respective compressive and
tensile regions are

=E</2(1+), G'=E/2(1+)

The values of Q for various FE'/E¢ ratios aré shown in Table 2,
where b/h, a/b, and K are equal to 10, 1, and 0, respectively.
It can be seen that the natural frequencies will increase with
the ‘values of  E/E¢, and neutral surface locations of
higher-order plate theory results are further away from the
middle plane than those of first-order plate theory results. The
higher-order plate theory result is lower than the first-order
plate theory result when EY/E<<1.0 and opposxte effects are
observed as EY/E>1.0.
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K

Fig. 2 Nondimensional frequency parameter ¢ vs buckling coeffi-
cient K for bimodulus plate A4, higher-order theory resuit B,
first-order theory resnlt (E'/E°=2.0,a/b=1,b/h =10, 5 =0).

7.2
7.0 F

5.8 L I s ] 1 i i i 1

0 10 20 30 40 50 60 70 80 80 100
b/h

Fig. 3 Nondimensional frequency parameter {1 vs thickness ratio
b/h for bimodulus plate 4, higher-order theory resuit B, firsi-order
theory result (E'/E€=2.0,a/b =1, K =0).

Table 4 Values of fundamental frequency Q for various
values of buckling ceefficient .
K(E'/E°=2.0,5=0,a/b=1,b/h =10)

First-order solution Higher-order solution

K (Z, =0.1034) (Z, = 0.1054)
-3.3 0.2493 (0.8449)2
-32 1.1501 (1.4488)
-3.1 1.6455 (1.8666)
-3.0 2.0230 (2.2066)
-25 3.3192 (3.4343)
~2.0 4.2357 (4.3266)
~1.9 4.3962. 2.2331(4.4838)
-1.8 4.5510 2.6772(4.6357)
-1 4.7007 3.0575(4.7828)
- 1.6 4.8457 3.3954(4.9254)
—-1.5 4.9866 3.7027(5.0641)
-1.0 5.6383 4.9612(5.7070)
-0 6.2221 5.9596(6.2845)
0.0 6.7557 6.8133(6.8133)
0.5 7.2501 7.5713(7.3038)
1.0 7.7129 8.2600(7.7634)
L5 8.1494 8.8956(8.1973)
2.0 8.5637 9.4887(8.6094)

4Dy, is chosen as the same value as in first-order plate theory.
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S
Fig. 4 Nondimensional frequency parameter  vs bending stress

ratio § for bimodulus plate A, higher-order theory result B,
first-order theory result (E/E°=0.2,a/b =1, b/h=10, K = — 1).

L4
b3t
A
Q u.2F B
u.1
LI'.O i 1 i i 1 1
) 5 10 15 20 25 30

S

Fig. 5 Nondimensional frequency parameter {! vs bending stress
ratio § for bimodulus plate A4, higher-order theory result B,
first-order theory result (E/E°=0.2,4/b=1,b/h =10, K = + 1).

The effect of initial stresses is studied in Tables 3 and 4. It
is shown that the compressive stresses produce softening
effects in the natural frequencies; the tensile stresses have
reverse effects. The frequency will reduce to zero when the
compressive stress increases. The buckling load is obtained
when @ is zero (see Fig. 2). The significant difference of
buckling loads between higher-order solution and first-order
solution (also see Fig. 2) is due to the increasing of D,, in
higher-order plate theory. If the same D,, values as in
first-order plate theory are chosen to calculate the new
nondimensional buckling coefficients, then closer results can
be observed (see Tables 3 and 4). Plots of @ vs the thickness
ratio b/h are given in Fig. 3. Owing to the nondimensional
coefficient effect, the nondimensional frequencies © increase
with the increase of thickness ratio.

Plots of nondimensional frequency coefficient Q vs the ratio
of bending stress to normal stréss S are made in Figs. 4 and 5.
b/h, a/b, and E'/E€ are equal to 10, 1, and 0.2in that order
the Kisequalto — 1 and + 1, respectively. The bending stress
effects are shown to reduce the frequencies significantly when
K is negative and S is positive. If K and S are positive, then the
opposite results are obtained. For ordinary plates, the effects
of bending stress are shown in Fig. 6. It can be seen that the
bending stress has little effect on the natural frequency. This
conclusion agrees with the results of Brunelle and Robertson®
and the previous results of the present authors.?>? The effect
of the aspect ratio on frequency is given in Table 5, where
b/h, EYVE¢, K, and S are equal to 10, 0.2-2.0, 0, and 0,
respectively. It is seen that the larger the aspect ratio a/b, the
lower the frequency coefficient.
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S
Fig. 6 Nondimensional frequency parameter ' vs bending stress
ratio § for ordinary plate A, higher-order theory resuit B, first-order
theory result (E/E°=1.0,a/b=1,b/h =10, K = —1, r = 0.2),

Table 5 Values of fundamental frequency Q for
various values of aspect ratio a/b (b/h =10, K = 0)

EVE =02 E/E‘=2.0
First-order Higher-order First-order ~ Higher-order
a’/b solution solution solution solution
0.4 11.6170 11.4275 22.5995 22.7689
0.6 6.3329 6.2788 12.3948 12.5035
0.8 4.3699 4.3455 8.5743 8.6483
1.0 3.4387 3.4244 6.7557 6.8133
1.2 2.9266 2.9167 5.7536 5.8022
1.6 2.4128 2.4066 4.7469 4.7867
2.0 2.1734 2.1686 4.2774 4.3131
2.4 2.0430 . 2.0389 4.0215 4.0549
2.8 1.9642 1.9605 3.8668 3.8989
3.2 1.9130 1.9095 3.7662 3.7975
3.6 1.8778 1.8745 3.6973 3.7279
4.0 1.8527 1.8495 3.6479 3.6781
Conclusions

The prelimary results indicate the following:

1) Using the present higher-order plate theory, one can
obtain the same results as with the exact solutions and the
accuracy of the present higher-order plate theory is better than
that of the first-order plate theory.

2) The influences of higher-order shear deformation dis-
placements on the natural frequency Q for bimodulus plates
are lower in value when E/E°< 1.0 and opposite effects are
observed as EY/E°>1.0.

3) The nondimensional frequency Q increases with increas-
ing E'/E°.

4) The initial compressive stresses significantly reduce the
frequency; the tensile stresses have the reverse effect.

5) The frequency decreases significantly with the increase of
an initial bending stress coefficient for a bimodulus plate,
when K is negative. S has little effect on Q for an ordinary
plate.

6) The thicker the plate, the lower the nondimensional
frequency Q. The natural frequencies « of thick plates are
larger than those of thin plates.

7) Nondimensional frequency decreases with aspect ratio
a/b.

Appendix A: Defining Equations for
01— Oy and R, — R;, in Egs. (3)-(13)

£
Ql = Als(ux,x + Alzuy,y + A13¢z + Dllsx,x + Dllgy.y

+ Bll\z’x,x + B]Z‘/’y,y + 2Bl}£z + Ell¢x,x + E12¢yJ
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Qy = Aggltty + 1y ) + Doy + &) 0) + Begllny +¥0)
+ Ege(®yy + by)

Oy = Apty + Aty , + Ay + Digdy + Dk, + Biotx
+ By, + 2Byt + Epgdyey + End,,

Qs = AsslW + ¥ + Dss(§, . + 36,) + Bss(2E, +¥,)

Qs = AuW, + Y,) + Dy, , + 36,) + B8, +¢,,)

Qs = DyYyp + Dig¥y, + 2Dk, + Fiiy e + Fipdy, + Byt
+ Bpu, , + By, + Eyée, + Epky, + Fiyd .
+ Fi0,,

Q7 = Ds(¥ny + ¥yx) + FeslOy +50) + Begltey + uy,,)
+ Egel£ry + £50)

Qs =Dy + DV, + 2Dk, + Fay o + Fdy, + Bl
+ Bty + By, + Epgk, o + Exky

Qs = Dss(28, + ) + Bss( + W) + EssBo, + £, )

Qo= Du(28, +. ) + Bu(y, + w,) + E,4(30, + £, )

Qu = Aplyy + Aty + Ay + Dy + Dsky , + Byl
+ By + 2Byé, + B3, + Endy,

Qi = Dyt + Dty + Dige + Fryer + Fipby ) + Ene
+EpY,, +2E;3E, + Géy o + Gio,,

Qi3 = Degltdy ), + 14, ,) + Feel&y ), + £50) + Egelhny +¥50)
+ Gsl(bry + D))

Qs =Dty + Dyyuty , + Diog¥ls + Frob o + Fipbyy + Eppi s
+ Enyy, + 2E58; + Gpoy e + Gnd,,

Ois=Dss(w, + ¥,) + Fssl&,, + 30 + Ess(2E, +¥,)

Qe =Dyg(w, +¥,) + Fulé., +36,) + Eg(28, + ¥, )

Qi1 =2D3¢, + Dy + Dysyy,, + Fisdy o + Fiydy, , + Byt
+ Bysu,,, + By, + Ensk,  + Bk,

Qus=FiYux + Fiot,, +2FpE, + Hyo, o+ Hipd,, + Eyty,
+Epu,, + By, + Gk, + Gk,

O = Fee(Wny + ¥y ) + Heo(byy + 0, ) + Egelte,, + 1)
+ Geelksy + £50)

Oro = Fro¥uy + Py, + 2F58, + Hpoy o + Hpd, , + Ejpid,

t+ Eptty, + By, + Gk, o + Gk,
and

’ *
R = Nxxux,x + Mxx¢x,x + Mxxgx,x + Pty
RZ = Mxxux,x + Mxxwx,x + Pxx‘gx,x + Pxxd)x‘x

. *
R3 = Mxxux.x + Pxlebx.x + Pxx g.\:,x + Rxx ¢x,x



580

Ry=Polty; + Pots + Rk + Ribx
Ry=Nyu,, + Mo, , + M::xsy,x + Py
Ry=M_u,, + M):x‘kvx + Prckys t P;Xd’y»x
Riy=Most,, + Potbys + Pakyx + Rutyx
Ry =Pty + Pody, + Rk, + Rihy
Ryg= NoW, + Myt + Myt

Ry =Mow, + My, + Pok,,

* *
Ry = Mxxwrx + Pxx\bz,x + Pxxgz,x

Appendix B:

Coefficients of Matrix [C] and [G] in Eq. 17)

(a=mn/a, 3=nxn/b)

C, =~-Au+ N )a? — Agf3?
Cio= —(Ap + Aglaf

Cia= — (M, o + B3 + By o)/ h
C,,= — By + Byabl/h

Cig= Apa/h

Cir == (D + M )o? — Do)/ 1
Cig= — (Dy; + Dggaf3/h?

Cy o = 2By30/ b2

Cio= [ — Pot? — (10 + EePP|/h?
Cyy1 = — (B + Egafi/h?

Crp= — Apbf® — (A + Ny )o?
Cu=C5

Cos = [ — M &® — (Bgger* + B8/
Cys=ApnB/h

Cr=Cip

Cys = | — DypfB? — (Dgs + My )o?|/h?
Cyo= 2B,,3/h?

Coi0=Cin

Coiy = | = P& — (Ege® + Epy89))/ 13

AS)
|

= —(Ass + Ny )o? — AyB?
Cyy= —Assa/h

Cys= —Aub/ h

Cys=[— M a® — (Bssa? + BB/ h
C;;= —2Bssa/h?

Cys= — 2By B/h?

Cyo= — [(Dss + My )o? + Do/ h?
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Cs0= —3Dssa/h?

Cin = —3DB/h3

Cia= — Dy + M:x)az + Dge8* + Ass]/h?
C4,5 = Cl,s

Ci6= (Bj3 — Bss)a/h?

Cin = [ — Py — (Eyyo? + Egif8? + 2Bss)|/h?
Cis= — (Eyp + EggaB/h?

Cuo = @Dy — D)o/ b

Cuto= — [(Fy + Po)a + Fggf8? — 3Ds)/h
Con= — (Fy + FsgaB/h

Css=[— Dy — (Degg + 1\4)::)012 — Ayl/h?
Cs6= (By; — By)B/h?

Cs,7 = Ca,x

Csg= [ — Poc? — (Egg0® + Eppf?) — 2By)/ h?
Cso= (2Dy; — D)8/ h?

Csio= — (Fiy + FegaB/h

Ciii= — [Fnff? + (Fgs+ Po)o? + 3D, )/h*
Cos= — [(Dss + Mol + Dy + Ay)/ B2
Csr = (—2Dss + Dyj)a/h’

Css = (= 2Dy + Dy)B/h?

Coo = [ = Pyo? — (Essc? + Eyuf?) — 2By3)/h?
Cer0= — (3Ess + Ep)a/h*

Cs1i = — (Ey + Ep)B/h*

Cry= —[(Fyy + Pp)o? + FeeB? + 4Dss)/h*
Crs= — (Fiy + FeaB/h*

Cr9= QE\3 — 2Es5)o/h*

Cr10= [ — Rye? — (G102 + G — 6Ess)/ b
Cri= —(Gyp+ GeaBB/h*

Cog= = [Fuf? + (Fs + Po) o2 + 4Dy [/t
Cyo = (Ey, — 2E,)B/h*

CS,IO = C7,11

Coti = [ — Rovo? — (Gggo + Gy8Y) — 6E )/ B
Cyg= — [(Fss + Pu)a? + Fyf? + 4Dy;)/
Co10 = (— 3Fss + 2F )/ h®

Cs11 = (= 3Fy + 2F)B/k°

Ciono= — [(Hy; + Ri)o? + Hegf8? + 9Fss)/h®

Cion = — (Hyy + Heg)aB/h®
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Ciin = — [(Hes + Rp)o? + HyB? + OF|/hS
Gx,x = Gz,z = Gs,s = - 11
G11=G,3=G39=Gy4=Gs5=GCGes= —L/h?
Giiw=Gs11=Gr7=Gyg=Gyg= — I/h*
Gioo=Cun=— I,/h$

Appendix C:

The generalized Hooke’s law for stress-strain relations of an
orthotropic bimodular plate are given by

Ox Ciux Cie Cia 0 0 0 Ex
g, Cor Cox Cosx 0 0 0 €y
o, | =1 Cay G Gy O 0 0 €
Ty, 0 0 0 Cur O 0 Yyz
Ty 0 0 0 0 Ci O Yex
Txy 0 0 0 0 0 C“k Yxy

where C;; are the stiffness coefficients of the stress-strain
relations used in Ref. 25, and the third subscript (K) refers to
the sign of the strain (K =1 for tension and K =2 for
compression). The general integral expressions for A, B,
D, E;, Fj;, G,,, and H are for the portion (from Z = — h/2
to Z=12n) in compression, whereas the upper portion is in
tension

(A, B, D;, E;

2 Bijs Hijs u’Fu’G H)

ije

=", (Ci),z,2% 2%, 24, 2%, 2),d2 i,/ =1,2,3,4,5,6,

Ay = "5,Ch dz

== #2Cip dz + iz /chl dz

=h{(Cp+ Cp)/2+ (Cin— Cijl)Zn]
B, =" ,,/ZC, «Z dz

= [ pnCipz dz + [[2Cyz dz

= 12[(Cyy — Cyp)/8 + (Cypp — Cyp)(Z, /)]
Dy = {"2:C, w32 dz

=" 42Cpz? dz + 12Cy2% dz

= 1(Cyy + C)/24 + (Cy — C)(Z1 /3)]
E; = {"}Cpuz’ dz

=" pnCpz® dz + Vl/zc Pdz

= h*{(Cyjy — C;p)/64 + (Cy — CyyN(Zy /8]
F; = S”./i/zc,jkz“ dz

= " 4nCipz* dz + [1°Cyzt

= h*[(Cyy + Cp)/160 + (C — C)(Z5 /5))

Gij = ,Vi/%:/zcijkzs dz
= {"nCipz® dz + Qn/ZC,-ﬂz dz
= hO[(Cyy — Cp)/384 + (Cyy — CIZ3 /6)]
H; = 3 h/2 kz dz
= [" 42Cipz® dz + [1°Cy12° dz

= h"[(Cy, + Cp)/896 + (Cy — CyNZ,/T)]
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